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Abstract 

The reduced Hamiltonian system on T*(SU(3)/SU(2)) is derived from a Riemannian geodesic 
motion on the SU(3) group manifold parameterised by the generalised Euler angles and endowed 
with a bi-invariant metric. Our calculations show that the metric defined by the derived reduced 
Hamiltonian flow on the orbit space SU(3)/SU(2) ~ is not isometric or even geodesically equiv- 
alent to the standard Riemannian metric on the five-sphere embedded into M^. 
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I. INTRODUCTION 



Symmetry plays a central role in our pursuit of a better understanding of nature. Through 
the preservation or artful breaking of symmetry, powerful models have been developed which 
describe the fundamental forces and which have, so far, withstood all tests. Indeed, any 
endeavour to go beyond this standard model also has, at its heart, an appropriate symmetry 
argument. 

An immediate consequence of symmetry is that it permits for a reduction in the relevant 
degrees of freedom needed to describe a given problem. In a gauge theory this reduction 
implies that not all the degrees of freedom present in the formulation of the theory correspond 
to physical degrees of freedom. So, for example, in Quantum Electrodynamics, with its U(l) 
gauge symmetry, the potential A^, which naively has four degrees of freedom, describes the 
photon, which has just two physical degrees of freedom. Understanding how this type of 
reduction should best take place and how the process of quantising a system interacts with 
the symmetry, has driven many of the important advances in our understanding of gauge 
theories 

In many cases, the reduction to the true physical degrees of freedom in a field theory 
has been fruitfully studied through simpler, finite dimensional systems. In particular, coset 
spaces of the form G/H, where G and H are finite dimensional Lie groups, have provided 
much insight |2] into how global and topological properties of these configuration spaces can 
be encoded into the quantisation process via generalised notions of reduction to the true 
degrees of freedom [^. 

In all investigations to date, specific details on dynamical aspects of the reduction to G/H 
have been restricted to groups for which manageable parameterisations of the group elements 
exist. Essentially this has restricted attention to groups directly related to the rotation group 
and its covering, SU(2). However, recently there has been muchprogress in finding suitable 
parameterization^ fo. the Ughe. di_al u,nta.y group, fl fl Q and particularly 
for the group SU(3) [Si, These advances open the door to detailed investigations of 
dynamics on spaces such as the five-sphere, now viewed as the reduction from SU(3) 
to SU(3)/SU(2). By exploiting our concrete description of this reduction we shall see a 
new phenomenon for this system: different metric structures emerge depending on whether 
the five sphere is viewed as the coset space or via its natural embedding in six dimensional 
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Euclidean space. This is, to the best of our knowledge, the first explicit example of this 
metric property of reduction. 

The plan of the paper is as follows. We will conclude this introduction with a brief 
summary of the classical Hamiltonian reduction procedure. Then, in section 2, we will see 
how this procedure is applied to the group SU(2). This section does not contain any new 
results, but fixes notation and introduces themes that will prepare us for the reduction 
on the configuration space SU(3) which will be presented in detail in section 3. Then, in 
section 4 we will investigate the possible Riemannian structures that arise on the quotient 
space and discuss the possible metric and geodesic correspondences. In an appendix we 
will collect together the details of our consistent parametrisation of SU(3). 



A. Hamiltonian reduction 



Consider the special class of Lagrangian systems whose configuration space is a compact 
matrix Lie group G. This means that the state of a system at fixed time t = is characterised 
by an element of the Lie group g{0) G G and the evolution is described by the curve g{t) 



on the group manifold 
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IjJ. The "free evolution" on the semisimple group G is, by 



definition, the Riemannian geodesic motion on the group manifold with respect to the so- 



called Cartan-Killing metric 
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/ dtTi {g-'gg-'g) 
Jo 



:i.ii 



dsl = KTi{g ^dg O g ^dg) , 

where k is a normalisation factor. The geodesies are given by the extremal curves of the 
action functional 

%] = 

This action is invariant under the continuous left translation 

g{t) g{e) g{t) , e = ( £i , £2 , • • • , ^dimc) 

and therefore the system possesses the integrals of motion Xi , T2 , . . 
of these integrals of motion allows us to reduce the number of degrees of freedom of the 
system using the well-known method of Hamiltonian reduction [lo[|ll|. 

For a generic Hamiltonian system defined on T*M with symmetry associated to the Lie 
group G action, the level set of the corresponding integrals of motion 

M, = l-\c). (1.2) 



, Idim G • The existence 



where c is a set of arbitrary real constants c = (ci , . . . ,CdimG), determines the reduced 
Hamiltonian system on the reduced phase space Fc C Mc. The subset Fc is described by the 
isotropy group, , of the integrals level set 

Here we are interested in a special case when the manifold M is itself a group manifold and 
the symmetry transformation are group translations. Now the level set Mc is a subset of 
the trivial cotangent bundle T*G which can be identified with the product of the group G 
and its algebra, G x g. The level set given by the integrals Xi = Ci ,X2 = C2 , . . . ,Tn = 
cn , N < dim G , defines the isotropy group Gc C G and the so-called orbit space 

= G/Gc. (1.3) 

The relationship between the orbit space O and the reduced phase space Fc can be sum- 
marised as follows (see e.g. jl^. Ill | ) : 

• the reduced phase space Fc is symplectic and diffeomorphic to the cotangent bundle 
T*0; 

• the dynamics on the reduced degrees of freedom is Hamiltonian with a reduced Hamil- 
tonian given by the projection of the original Hamiltonian function to Fc- 

These results are the modern generalisations of the classical theorems proving that the 
collection of holonomic constraints defines a configuration manifold M as a submanifold of 
M" and that, in the absence of forces, the trajectories of mechanical system are geodesies of 
the induced Riemannian metric. 

Note that the above results do not claim that the reduced phase space and the dynamics 
on the orbit space are isometric. Indeed, we know that on the reduced phase space we can 
define, at least locally, an induced metric that arises from the kinetic energy energy part of 
the reduced Hamiltonian 

= ^go(^a,6)PaPfe, (1.4) 

On the other hand the map n : G ^ G/Gc induces the metric 

go = TT^gc • (1-5) 

We now pose a question about the relation between these two metrics. 



When are the metrics go and gp isometrically or, more weakly, geodesically 
equivalent? 

We do not know the general answer to this question, so in this present note we will focus 
our study on two examples: geodesic motion on the SU(2) and SU(3) group manifolds. 

We start with a well-known example of Hamiltonian reduction SU(2) SU(2)/U(1) 
and show that the reduced space is indeed in isometrical correspondence with the cotangent 
bundle T*S^ and the standard induced metric on the two-sphere S^. The case of the SU(3) 

SU(3)/SU(2) reduction gives an example of the opposite result: the metric defined by 
the Hamiltonian flow on on the orbit space SU(3)/SU(2) is not isometrically equivalent 
to a standard round metric on the five-sphere Furthermore, in this case, the stronger 
result is true: the reduced configuration space and the standard are not even geodesically 
equivalent. 

II. GEODESIC FLOW ON SU(2) 

In this section we discuss the example of reduction of free motion on the SU(2) group 
manifold. We start with a presentation of the key geometrical structures found on this group 
which are necessary for any further dynamical analysis. 

A. The Euler angle parametrisation 

The special unitary group SU(2), considered as a subgroup of the general matrix group 
GL(2, C), is topologically the three-sphere §^ embedded into C^. This correspondence 
SU(2) ^ S'^ follows immediately from the standard identification of an arbitrary element 
g G SU(2) as 



The three-sphere is a manifold which requires more than one chart to cover it and therefore 
there is no global parametrisation of the SU(2) group as a 3-dimensional space. The local 
description usually adopted is given by the conventional symmetric Euler representation 
[l^ for a group element 




(2.1) 




(2.2) 
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with the appropriately chosen range for the Euler angles a , /3 , 7 . 

In this representation the generators of the one-parameter subgroups are the standard 
Pauli matrices cxi , 02 and era , 



Ox 



1 

1 



0^2 



-i 
% 



0-3 



1 
-1 



(2.3) 



satisfying the su(2) algebra 



Writing the complex numbers in 1)2.11) as Zx= ^ ix^ and Zi = ^ ix"^ in polar form 



zx := e*^ cos6' , Z2 := e''" sin 61 



IV 



and comparing ()2.1|) with the explicit form of the Euler matrix ()2.2p 



/a + 7 a — 7 \ 

^'^^ ^2 • (^^ 
e ^ cos I I 6 ^ sm I — 

a — 7 a + 7 

— e ^ sm — e ^ cos — , 

2; V2;/ 



(2.5) 



(2.6) 



we have 



a + 7 a-7 

2 ' 2 ' 2 



(2.7) 



The Euler decomposition ()2.2|) corresponds to the following parametric representation of the 
three-sphere embedded in M^: 



1 / a; + 7 

X = cos I COS I — 



2 . / a + 7 
X = sm I cos I — 



(2.8) 



x" = - cos I — - — I sm I - 



4 . / "-7 , 
X = sm sm , 

2 V 2 



/5 



To be more precise, though, this is not a valid parametrisation for the entire three-sphere. 
In particular, the neighbourhood of the identity element of the group in this decomposition 
turns out to be degenerate. The identity element of SU(2) corresponds to the whole set: 
f3 = and + 7 = . In order to properly cover the whole group manifold it is necessary to 
consider an atlas on the SU(2) group and used different parameterisations on the different 
charts. Bearing this in mind, we proceed by assuming that we are working in a chart {U, (p) 
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where a , /3 and 7 serve as good local coordinates on and calculate the Maurer-Cartan 
forms on SU(2). 

Using the following normalisation 

. 3 

9-^^9 = ^ 5Z a, ® u;2 , (2.9) 

a = l 
. 3 



^9 9^' = ® (2.10) 

a = l 

and performing the straightforward calculations with the Eulerian representation ()2.2|) we 
arrive at the well-known expressions for left-invariant 1-forms 

cu]^ = cos 7 sin pda — sin 7 d/3 , 

= sin /5 sin 7 da + cos 7 d/5 , (2-11) 
LJ^ = cos P da + d'j . 



and the corresponding dual vectors, uK ) = , a, 6 = 1 , 2 , 3 , 



C0S7 d . d ^ d 

= — sm7— -cot^cos7 — , 

smp oa op (77 

sin 7 9 d ^ d , , 

^2 = — -i^r + ^°^^7^^-^°*^^i^^7r' 2.12 

sm/3 oa op (77 

The right invariant 1-forms and the corresponding dual vectors, co'^(X^) = , are 

uj]i = sin adp — cos a sin /? d7 , 

uj'ji = cos d/5 + sin a sin /3 d7 , (2-13) 
= da + cos /5 d7 . 

^,1? ^ . (9 coso; d 

= cos acotp — + sma — — - — , 

oa op snap (77 

= -smacot/5 — + cosa — + — — — , 2.14 
Oa op sm p 07 



^3 



da 



The vector fields X„ and X^ obey the sm(2) (8)su(2) algebra with respect to the Lie brackets 
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operation 

[X^,Xi] = -eatcX^ (2.15) 

[X^,X^] = e,,,Xf (2.16) 

[Xf ,Xf ] = 0. (2.17) 

Any compact Lie group can be endowed with the bi-invariant Riemannian metric build 
uniquely (up to a normalization factor) from the Cartan-Killing form over the algebra. It 
is convenient to choose the following normalization for the bi-invariant metric on the SU(2) 
group: 

gsu(2) = '1^' (s-'dg ® g-'dg) . (2.18) 
In terms of this left/right-invariant non-holonomic frame, ()2.18|) reads 

gsu(2) = ^ K ® + ® ^1 + ® ^i) , (2.19) 

= I K ®uj], + uj1^ujI + ujI^ ul) . (2.20) 

Substitution of the expressions 1)2.111) and ()2.1Hj) for the Maurer-Cartan forms ujl and ur 
yields the metric in the coordinate frame da , d/? , d7 basis 

Ssu(2) = \ (da O da + d/5 ® d/5 + d7 ® d7 + 2 cos /3 da O d7) . (2.21) 

In order to understand the metrical characteristics of a group manifold viewed as an embed- 
ded space, it is instructive to compare this invariant metric with the metric induced from 
the ambient 4-dimensional Euclidian space on the unit three-sphere ()2.8|) 

= dzi O dzi + dz2 ® dz2 (2.22) 
1 

= - (da ® da + d/9 (g) d/3 + d7 (g) d7 + 2 cos f3da ® d7) . 

Comparing the metrics, ()2.2H) and ()2.22j) . we conclude that the bi-invariant metric on SU(2) 
is the same as the standard metric on the unit three-sphere and its bi-invariant volume 
is 



Vol(SU(2)) = j ^detgg^^2) d«Ad/3Ad7 



-|^\ 3 />2n ^47r 



da / d7 / d/5 sin(/5) = 27r' = Vol(§^). (2.23) 
Jo Jo 



As a Riemannian manifold the SU(2) group endowed with the metric ()2.21|) is a 3- 
mensional space ol 
tensor TZab given by 



dimensional space of constant curvature with the Riemann scalar TZ^^^^^ = 6 and the Ricci 



TZ 

nab = ^J^gab = 2gab. (2.24) 

The Gaussian curvature K of an n-dimensional manifold and the Riemann scalar are related 
via 

K = ^ , (2.25) 

n[n — 1) 

therefore -ft'su(2) = 1 in agreement with the volume calculation ()2.23|1 . 
B. Quotient SU(2)/U(1) 

Here we recall the key ingredients of the construction of a quotient space G/H by con- 
sidering the transitive action of the group G on a certain base space M. We have the result 
that I 

If the group G acts transitively on a setM with H d G being an isotropy subgroup 
leaving a point Xq G M fixed 

H = {g E G \ g ■ Xq = xo} , 

then the set M is in one-to-one correspondence with the left cosets gH of G . 

The explicit form of this map for the SU(2) group is as follows. We identify the su{2) 
algebra with by the map, G M"^ ^ X G 5-^(2) 

3 

X = J] xV, . (2.26) 

a=l 

Consider now the adjoint action of SU(2) on an element of its algebra X G su{2) 

M{g)OC) = g^g-\ 

The base point xq = (0 , , 1) (corresponding to the element a^) has a one-parameter isotropy 
subgroup 

H = exp {i ^ a-i 
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The orbit space of 

Ad(5()(cr3) = gasg'^ , 

is the coset SU(2)/U(1). The proper citlcLS covering the SU(2) group manifold provides the 
coset space parametrisation. When SU(2) ^ S'^ is parameterised in terms of two complex 
coordinates Zi and Z2 and the two-sphere is described by a unit vector n = (n^ , , n^), then 
the projection S'^ reads explicitly 

{z,,Z2)^in\n\n^) = {2^[z^Z2], 2^[z^Z2], \z,\^ - {z^l^) . (2.27) 

This is the famous Hopf projection map vr : SU(2) showing that SU(2) is a fibre 

bundle over with nonintersecting circles U(l) = as fibres 

§^ ^ SU(2) ^ §2 _ 
Using the Euler decomposition ()2.6|) the coset parametrisation reads 

ga^g-i=n-aa, (2.28) 

with the unit 3-vector 

n = (— sin P cos a , sin /3 sin a , cos /3 ) . (2.29) 



C. Lagrangian in Euler coordinates 

The bi-invariant Lagrangian 



LSU{2) = Tr (^g-\t)j^g{t) g-\t)j^g{t)^ , (2.30) 

in terms of left/right invariant Maurer-Cartan forms ()2.9j) reads 

1 ^ 

Lsu{2) = 4 X] ^u^L ^U^L 

a=l 
1 ^ 



4 

a=l 



where ijj is the interior contraction of the vector field U = a^+P^ + 'y-^. 

Covering the group manifold with an atlas and considering the chart where the parameters 
a, P, 7 in the Euler decomposition ()2.2|) serve as good coordinates, we arrive at 

Lsu(2) = ^ + + 7' + 2 cos(/3)«7) . (2.32) 
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Comparing ()2.32j) with the expression ()2.2ip for the bi- invariant metric on SU(2) we conclude 
that 

Lsu(2)=g,„(,)(f/,f/). (2.33) 
D. Hamiltonian dynamics on T*SU(2) 

The Hamiltonian dynamics on the SU(2) group is defined on the cotangent bundle 
T*SU(2) which can be identified with the trivialisation T*SU(2) ^ SU(2) x su{2)l or with 
T*SU(2) ^ SU(2) X su{2)ji. 

The canonical Hamiltonian describing geodesic motion on SU(2) can be obtained by a 
Legendre transformation of the Lagrangian function ()2.3H) . Introducing the Poincare-Cartan 
symplectic one-form 

6 = pada + Pf3di3 + d^y , 
with the canonically conjugated pairs 

{a,pa} = l, {(3,Pf3} = l, {7,p^} = l, 

the Hamiltonian on T*SU(2) is defined as 

3 

Hsu (2) = y^Aa^a ^ 

a=l 

= i2^a^a. (2.34) 

a=l 

where and are the values of the one-form B on the left/right invariant vector fields 
spanning the algebra su{2)l^r 

The set of functions and obey the su{2)l x su{2)ji relations with respect to the 
Poisson brackets 

{ia.ii} = -eabc^^ (2.35) 

= e^U^ (2.36) 
{^a,^b} = 0. (2.37) 
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In the coordinate frame ()2.32|) the Hamiltonian ()2.34|) becomes 



TT Pa , 2 , ^7 2C0S(/?) 
WSU(2) = . 2/m + + ■ ■ 2/m P7 • 

sm (p) sm (p) sm (p) 

Now noting that the components of the inverse of the bi-invariant metric ()2.21|) are 



(2.38) 



.-1 = _ 

'SU{2) „;„2 



the Hamiltonian can be rewritten as 

H 



1 - cos(/3) 

sin2(/5) 
cos(/5) 1 



1 



\ 



su(2) = ^ gg^(2j(e,e). 



(2.39) 



(2.40) 



E. Hamiltonian reduction to the coset SU(2)/U(1) 



The system with Hamiltonian function ()2.38|) has an obvious first integral 

Pa = k {pc.,Hsu(2)} = 0, 



(2.41) 



where k can be an arbitrary constant. The Hamiltonian on the level set Mk := Pa^{k) is, by 
definition, the projection of ()2.38|) onto this subspace: 



H^'^) := H 



SU{2) 



Pa=k 



2 2 cos(/3) fc^ 

^^+sin2(/?) ^ sin2(/5) ^^+sin2(/3) 



(2.42) 



The inverse Legendre transformation gives 

1 



Lsu(2)/su(i) = ^ ( /^^ + sin^(/5) 7^ ) + ^ cos(/5)7 . 



(2.43) 



The interpretation of the system so obtained is the following 3]: the first two terms cor- 
respond to a particle moving on the two-sphere endowed with the standard embedding 
metric, while the last term describes the particle interaction with a Dirac monopole whose 
potential is 

A4,:=k{l-cos{(3)). 
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III. GEODESIC FLOW ON SU(3) USING GENERALISED EULER COORDI- 
NATES 



A. Generalised Euler decomposition of SU(3) 



Now we pass on to the description of the Euler decomposition of the SU(3) group element. 
The Euler angle parametrisation of the 3-dimensional rotation group has bee n g eneralised 
'or the higher orthogonal SO(n) and special unitary SU(n) groups ^ 13 
rzj l. Special attention has been paid to the study of the SU(3) 2fl . I2 1| and SU(4) 

^ groups. 

The starting point for the derivation j3| of the Euler angle representation of the SU(3) 
group is the so-called Cartan decomposition which holds for a real semi-simple Lie algebra 
Q. A decomposition of the algebra Q into the direct sum of vector spaces /C and V 



g = K,®v 



(3.1) 



is a Cartan decomposition of the algebra Q if 



[/C, /C] C /C , 
[/C,P] CP, 
[P, P] c /C . 



(3.2) 
(3.3) 
(3.4) 



The Cartan decomposition for a Lie algebra induces a corresponding Cartan decomposi- 
tion of the group G 

G = KP, (3.5) 

where is a Lie subgroup of G with Lie algebra /C and P is given by the exponential map 
P = exp(P) . 

An explicit realisation of the Cartan decomposition for SU(3) can be achieved using the 
standard traceless 3x3 Hermitian Gell-Mann matrices Aa , (a = 1 , . . . , 8) (the explicit 
form of the A matrices is given in Appendix lA Ij) . Indeed, from the expressions for the 
commutation relations 

8 

[Aa, Afc] = 2Z ^ iabcK, (3.6) 
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where the structure constants fate are antisymmetric in all indices and have the non-zero 
values 

fl23 = I5 

fl47 = ^246 = ^257 = ^345 = ^516 = ^637 = 1/2, (3-7) 

f458 = fers = "\/3/2, 

it follows that the set of matrices (Ai , A2 , A3 , Ag ) can be used as the basis for the vector 
space /C while the matrices (A4 , A5 , Ae , A7 ) span the Cartan subspace V. Noting that the 
set of matrices (Ai, A2 , A3 , Ag ) comprise the generators (Ai , A2 , A3 ) of the SU(2) group, one 
can locally represent K as the product of the SU(2) subgroup and a one-parameter subgroup 

K = SU(2) e^"^^* . (3.8) 

The second factor, P = exp(P) in the Cartan decomposition ()3.5j) can be represented as 
a product of one-parameter subgroups. Moreover, based on the algebra ()3.(j|l . it can be 
represented as a product of a one-parameter subgroup generated by an element [2^ from 
A4 , . . . , Ay "sandwiched" between two different copies of K. Fixing this generator to be, 
say, A4, we have 

P = K' e'^'^' K" . (3.9) 
Now observing that [As , A4] = iy/SX^, the product KP can be reduced to 

G = SU(2) e'^^'' SU(2)' e''^^' . (3.10) 

Therefore, finally choosing the Euler representation for the elements of two subgroups U G 
SU(2) and V E SU(2)' in terms of two sets of angles (a, P, 7) and (a, b, c) 

f/(a,/?,7) = exp(^z^A3j exp ^ As^ exp (^i | A3 j , (3.11) 

V{a,b,c) = exp(^i^Xs^ exp(^i^\2^ exp (^i | A3 j , (3.12) 

we arrive at the generalised Euler decomposition of an element of g E SU (3) 

g = U{a,P,j)Zi9,<P)V{a,b,c), (3.13) 

with 

Z{e,(f)) ■.= e'^^'e''^^' . (3.14) 
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Now it is necessary to fix the range of angles in ()3.13|) . Just as in tlie case of the SU(2) group 
where the Euler parametrisation was not a global one, the SU(3) group manifold cannot be 
covered by one chart. However there is a range of parameters such that the parametrisation 
covers almost the whole manifold except the set whose measure in the integral quantities, 
e.g. such as the invariant volume, is zero. The following ranges for the angles in (|3.13|) 

0<a,a<27r, 0</?,6<7r, 0<7,c<47r, (3.15) 

0<9<^, O<0<V37r, (3.16) 

lead to the invariant volume for SU(3) 

Vol(5f/(3)) = / *l = y3 7^^ (3.17) 

JsU{3) 

Below this result will be checked by an explicit calculation of the volume of the SU(3) 
manifold considered as the Riemannian space endowed with the bi-invariant metric 

gsu(3) =-^Tr {g-'dg(S)g-'dg) . (3.18) 

In terms of the non-holonomic frame built up from the left /right-invariant forms 

. 8 

I 



g-'dg = -Y,^A®oot (3.19) 

^ A = l 
. 8 

^9 9'' = '-Y,\a®uj^, (3.20) 



A = l 

the Cartan-Killing metric (j3.18p has the diagonal form 

ggu(3) = \ + ... +ujI®ujI) (3.21) 

= \ + ••• , (3.22) 

while in the corresponding coordinate frame, with the Eulerian coordinates 
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{a , P ,a ,b ,c ,9 , (f>), presented in Appendix A. 2, it becomes 



SU{3) 



- (da (g) da + d/? (g) d/9 + d7 (g) d7 + 2 cos (3da0 d'y) 



1 



(da (g da + d6 (g) d6 + dc (g dc + 2 cos 6 da (g dc) 



+ - cos 61 



sin(a + 7) ( sin P da ® db + sin 6 d/3 (g dc) 



(3.23) 



+ cos(a + 7) (d/9 (g d6 — sin P sin 6 da (g dc) 
73 

- — sin^ 6 [cos P da + d'y) (g d(f) 

+ I (1 + cos^ 6*) ( cos Pda + d'y) (g (da + cos b dc) + d6' (g d6' + d0 (g d0 . 

Fixing the range of the Euler angles according to ()3.15|) and noting that the determinant of 
the Cartan- KiUing metric ()3.23|) is 

detg3^(3^ = (^0 sm%d) cos\e) sm\P) sm\b) , 
one can check that the group invariant volume on SU(3) agrees with ()3.17j) 



Vol(SU(3)) 



SU(3) 

2 



det ggu(3) da A d/5 A d7 A d^ A da A d6 A dc A 



(3.24) 



d^ cos(^) sin3(^) / db sin(6) = VStt^ 



f*27T fAn i*2ti fAir n^/Sn 

da d'y da dc 
'0 Jo Jo Jo Jo 

I-7T/2 

X / d/3sin(/5) / 

'0 Jo Jo 

This volume is in accordance with the general formula established by I.G. Macdonald in 

and expresses the volume element of a compact Lie group in terms of the product of volume 

elements of odd-dimensional unit spheres 



Vol(SU(3)) = ^ X Vol(§^) X Vol(§=^) = ^ X TT^ X 27r2 



(3.25) 



In fHT^ the multiplier ^3/2, comes from the volume of the maximal torus in SU(3), 
interpreted sometimes as the "stretching" factor 24, 2^. This fact explicitly shows that the 



SU(3) group is not a trivial product of the two spheres, and S^. 

The SU(3) group endowed with the bi-invariant metric ()3.23|1 has a constant positive 
Riemann scalar curvature 



SU(3) 



24, 
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and the Ricci tensor obeys the relations 



n 



SU(3) 



guv = 3 g, 



pv 



(3.26) 



B. Geometry of the left coset SU(3)/SU(2) 



The group SU(3) can be viewed as a principal bundle over the base with the structure 
group SU(2) 

SU{2) ^ 5f/(3) ^ §^ , 

with the canonical projection vr from the SU(3) onto the left coset SU(3)/SU(2) ~ . This 
map can be realised in the following manner. Consider the general linear group GL(3,C). 
An arbitrary element M3X3 can be written in the block form 





/ 






^3 


M3x3 = 


M2X2 






\ yi y2 


Zl 



\ 



( 



M 



2x2 



/ V 



(3.27) 



for complex 2x2 matrix M2X2 and -Zi , 2:2 , 2:3 , yi , ?/2 G C . The U(3) subgroup of the GL(3, ' 
group is defined by the two matrix equations 



M3X3ML3 = I 



3x3 



ML3M3X3 = I 



3x3 



(3.28) 



When Msxs is represented in block form, ()3.27|) . the conditions ()3.28|) reduce to the quadratic 
equations 



\z\ 




\Z2 




1^3! 


\z\ 








\y2\ 



(3.29) 
(3.30) 



and to the set of 2 x 2 matrix equations 

M2x2M^x2 + aa'^ 
ML2M2x2 + btb 

Zl a + M2x2a 



I2x2 
I2x2 


0. 



(3.31) 
(3.32) 
(3.33) 
(3.34) 
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Now let be the five-sphere characterised by a unit complex vector Z := {zi , Z2 , zs)'^ 



Z^Z = 1 



The SU(3) group element g then acts on this through left translations: 



Z^TI = gZ. 



(3.35) 



Let Zq be the base point on this five-sphere with coordinates Zq = (0, 0, 1)"^ whose isotropy 
group is 



H 



3x3 



SU(2) 



V 







(3.36) 



Then the coset SU(3)/SU(2) can be identified with the orbit 



Z = (7-(0,0,l) 



(3.37) 



Using the explicit form of the representation ()3.13j) . the subgroup SU(2) is embedded into 
SU(3) as follows: 



5f/(2) ^ SU{i) , V 



a + c 

I fh 

e 2 cos , 

2 



a — c 



—I 



a — c 

e ^ sm - 
V2 



-e 2 sin ^- I 

, a + c 



v 



So the parametrisation of a group element is 



g = UZV = WV. 



2 cos ( - 1 







1/ 



(3.38) 



where the factor W reads 



W 



COS 9 cos — e 
2 

P -i{v —c 

- cos sin — e v 3 

2 



^ — sin 6 e 



sm — e 
2 



cos — e 
2 



-i[u 



2 \ 

sin 9 cos — e v o 
2 

- sm U sm — e V -j 

2 

■ 2 . 
cos 9 e V <J 
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a + 7 a — 7 

2 ' 2 

Using these representations in ()3.37|) we easily identify the projection onto the left coset as 
a five-sphere: 

7r:^7G5f/(3)^(^l,^2,^3)e§^ 

which explicitly reads 

• 2 . 

^1 = cos^e v3 , (3.39) 

i 4 
. --(a-7 + ^0) 
^2 = - sin ^ sin I e ^ v 3 ^ (3.40) 

i , 4 



^ -(a + 7--=, 
2:3 = sin ^ cos — e v <j 



2 ^ - (3.41) 

Under this projection the Euclidean metric tr(dMdM"'") on GL(3,C) induces the following 
metric on a unit 

g 5 = dzi ® d^i + dz2 ® dz2 + dz3 ® dzs (3.42) 



= sin^ 61 Q (da ® da + d/3 (g) d/3 + d7 (g) d7 + 2 cos /9 da (g) d7) 

2 \ 4 

j= (cos /3da + d7) (g) d0 + d6' (g d6' + - d0 (g d0 , 

V3 / 3 

whose determinant is 

det g^, = ^ sm%e) cos' (9) sm'{P) . (3.43) 
The metric fl3.42|l defines a unit five-sphere as a constant curvature Riemann manifold 

7^s5 = 20 , (3.44) 
which is in accordance with its Gaussian curvature 

^ 5(5-1) 

as well as with its volume 

Vol(§^) = [ Jdetg da A d/? A d7 A d^ A d0 (3.45) 

' / dp sm{p) / d^ cos(^) sm\9) = . 
Jo Jo 



4V3 



2n fAn /^^/Stt /''^/2 

da / d7 



Jo Jo 
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C. Lagrangian on SU(3) in terms of generalised Euler angles 

Consider the Lagrangian describing the geodesic motion on the SU(3) group manifold 
with respect to the bi-invariant metric (j3.18|) 

Lsu(3) = -\ Tr {9-\t)j^9it) 9-\t)j^9{t)^ . (3.46) 

Using the generahsed Euler angles on SU(3) as the configuration space coordinates and 
fj3.23|) for the bi-invariant metric, one can write the Lagrangian ()3.46|) as 

Lsu(3) = ^ (a^ + + 7^ + 2 COS /3 d7 + + 6^ + + 2 cos h at) (3.47) 
+ - cos ^ sin(a + 7) ( sin (3 dih + sin h jScj + cos(a + 7) — sin /? sin b ac) 

\/S -1 • • 

— sin^ 6'( cos /3 d + 7)0 + - (1 + cos^ 6^) ( cos /9 d + 7) (d + cos 6 c) + 6^^ + 0^ 

From this expression and ()3.23|1 for it follows that 

Lsu(3) = gs,(3)(^,^)- (3-48) 
where Z is the vector field on the tangent bundle TSU(3) 

Z — a'^+P^+'j'^+9^+(p'^+d'^+b'^+c'^ (3 49) 

da df3 dj 86 dcj) da dh dc 

It is worth to note that the Euler decomposition ()3.13|) for elements of SU(3) in terms of 
the SU(2) subgroups, 

SU(3) = U (a, /?, 7) exp(i A5) V{a^ b, c) exp(i Ag) , 

allows for the expression of the SU(3) Lagrangian (|3.47j) in terms of the corresponding left 
and right invariant elements of the SU(2) Maurer-Cartan 1-forms: 

1 ^ 1 ^ 

LSU(3) = jYl ^U^L ^U^l + jYl 



a=l a=l 
1 . 1 



+ - COS ^ ^ iijujl iyu'ji -4(1 + cos^ ^) H^R 

a=l 

x/3 ... 

- sm^9i^ujl(P + e^ + (3.50) 

Here i^j and iy denote the interior contraction of the vector field on each copy of the SU(2) 
group, U and V respectively 

d-d d • d-d d 

oa op (77 oa ob oc 
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D. Hamiltonian dynamics on SU(3) 



Performing the Legendre transformation, we derive the canonical Hamiltonian generating 
the dynamics on the SU(3) group manifold: 
1 



SU(3) 



sin'^ 



p1 9/9^ lA9 cos/3 
+pI+( tan^ e + U2 _ 2 _^ 

sm p ' \ sm fj J ' sm p 



(3.52) 



+ sin^ ^ ( 1 + T cot^ + —.^^ 
4 sin^ b 



2 I 2 

2r^ I Pa +Pb 



1 



COS 6 



PaPc 



+ 2 



COS 9 



sin 9 sin /5 sin 6 



• 2 t-f^c -2 1, 

sm sm 

cos(a + 7) ( {pa - cos /3p^){pc - cos 6 Pa) - sinbpppb 



— sin(a + 7) ^ sin b{pa — cos [3 p^)pb + sin (3{pc — cosbpa)pp^ 

y 2 cos2 ^ 4 V cos^ 



1 

+ - 



PaP<t> 



4"'' ' 16 V' ' cos2^y '^'^ 2 cos2^ 4 V cos2^^ 
The Hamiltonian ()3.52j) can be rewritten in a compact form using the left and right-invariant 
vector fields on the two SU(2) group copies, U and V used in the Euler decomposition (j3.13|) : 

3 , 2 

sin2 9 



i^su(3) = E + -^2^ E - ^ cf )^ 



a=l 



a=l 



+ 



-^{2 - (1 + cos^ 9) - ^ sin^ 9^, 
sm 2 2 



+ + (3.53) 



Here and functions defined through the relations 

with the SU(2) left-invariant vector fields on the tangent space to the U subgroup, TU, 
and the right-invariant fields on TV correspondingly. 



E. Hamiltonian reduction to SU(3) /SU(2) 



The representation ()3.53p is very convenient for performing the reduction in degrees of 
freedom associated with the SU(2) symmetry transformation. Due to the algebra of Poisson 
brackets ()2.35j) the functions , C2 Q are the first integrals 

{Cf ,^SU{3)} = 0. 



Let us consider the zero level of these integrals 



(3.54) 
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Noting the relation between the left and right invariant vector fields on a group one can 
express the functions entering in the Hamiltonian as 



= Ad(V),,C 



b 5 



where Ad(V)^^ is an adjoint matrix of an element V G SU(2). From this one can immediately 
find the reduced Hamiltonian on the integral level (j3.54j) . Indeed, projecting the expression 
flTHHll on = we find 



SU{3)/SU{2) 



-A-n E + -4:7^(2 - ^ sin^ ep,r + -ye + \pl, (3.55) 

sm 6 sm 2 6 2 4 4 ^ 

a=l 

or more explicitly in terms of the canonical coordinates 

^ I Pa 2 f 2 n ^ \ 2 ^OS /? y/S n n 

Hsu(3)/su(2) = — ^ — ^ + + tan 6 + P7 ~ ^ — ^ PaP^ + — tan Op^p^ 

sm (J \ sm p \ sm p J ' sm p 2 



Performing the inverse Legendre transformation we find the Lagrangian 

Lsu{3)/su{2) = ^ sin^ ^ ((^ " i ^ 9)a^ + $^ + ^{3 + cos' ^) 7' 

+ ^ cos/3 (3 + cos' d7-2y3(cos/3d + 7)0j +^' + 0^ (3.57) 

Now one can consider the bilinear form (j3.57|) as the metric go on the orbit space O = 
SU(3)/SU(2) 

1/1 1 
go = - sin' ^ ( ~ 4 si^^ 9) da IS) da + dp dp + -{3 + cos' 6*) d7 d'j (3.58) 

+ ^ cos /3 (3 + cos' 9) da ® d7 - 2^3 (cos p da + d'j) O d^^ + d6' O d6' + d0 O d0 . 

Using our previous calculations ()3.45|) of Vol(S^) with respect to the metric ()3.42|) induced 
by the canonical projection to the left coset vr : SU(3) SU(3)/SU(2) and noting that the 
determinant of the new orbit metric ()3.58|1 induced by the Hamiltonian reduction is 

detgo = 4sin^(^)cos'(^)sin'(/5), (3.59) 
64 

we find 

a/3 

Vol(SU(3)/SU(2)) = ^ Vol(§^) , (3.60) 

with the same stretching factor V3/2 as found in (j3.25|) for the bi-invariant volume of the 
SU(3) group. 
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IV. RIEMANNIAN STRUCTURES ON THE QUOTIENT SPACE 



Now we are ready to answer the questions about the relation between metric fl3.42|) 
induced on the left coset SU(3)/SU(2) by canonical projection from the ambient Euclidian 
space and the metric (j3.58|) obtained as a result of performing the Hamiltonian reduction of 
the geodesic motion from SU(3) to SU(3)/SU(2). 

Performing a straightforward calculation of the Riemannian curvature with respect to 
the metric ()3.58|) yields 

^fgs.(3)) =21, (4.1) 

V SUM/ 

while, from the embedding argumentation we used before, the Riemann scalar of the unit 
five-sphere §^ with standard metric induced from the Euclidean space is 

^(g,5)=20. (4.2) 

Furthermore, even though the Riemann scalar is a constant, calculations shows that the 
metric ()3.57|) is not the metric of a space of constant curvature. 

So, we have found that the Lagrangian of the reduced system defines local flows on the 
configuration space which are not isometric to those on §^ with its standard round metric. 

We have shown above that the orbit space SU(3)/SU(2) considered as a Riemannian 
space with metric g induced from the Cartan-Killing metric on SU(3) is not isometric to the 

with the standard round metric gss. The next natural question is whether the metrics g 
and ggs are geodesically /projectively equivalent. 

There are several criteria on metrics to be geodesically equivalent. According to L.P. 



Eisenhart 



, two metrics g and g on n-dimensional Riemann manifold are geodesically 



equivalent if and only if 

2 (n + 1) V.(g) g,, = 2g^., d,A + g,, d,A + g,, d^A , (4.3) 
where Vi(g) is covariant with respect the metric g an the scalar function A is 

A = In f . (4.4) 



det(g) 

According to our calculations 

3 

det(go) = -det(gg5) 
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and 

V,(g§5) gojk ^ 0, 
and therefore g§5 and go are not geodesically /projectively equivalent. 

V. CONCLUSION 

In this paper we have presented, for the first time, the exphcit Hamiltonian reduction 
from free motion on SU(3) to motion on the coset space SU(3)/SU(2)^ This has been 
made possible through a consistent parametrisation of SU(3) that generalises the Euler 
angle parametrisation of SU(2). The full details for this parametrisation of SU(3) are, for 
completeness, collected together in an appendix to this paper. The results presented there 
have been checked independently using the computer algebra packages Mathematica 5. and 
Maple 9.5. 

Through this analysis we have seen that the resulting dynamics is not equivalent to the 
geodesic motion on induced from its standard round metric. This result prompts the 
following questions. 

• Is it possible to identify, a priori, the induced metric on the coset space in terms of 
the properties of SU(3)? 

• Is it possible to formulate the dynamics on SU(3) so that the reduced dynamics is the 
expected geodesic motion on S^? 

• What happens if we reduce to a non-zero level set of the integrals ()3.54j) ? 

Progress in answering these questions will, we feel, throw much light on the dynamical 
aspects of the Hamiltonian reduction procedure and hence lead to a deeper understanding 
of the quantisation of gauge theories. 
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APPENDIX A: APPENDIX 



1. The su(3) algebra structure 



The eight traceless 3x3 Gell-Mann matrices providing a basis for the su(3) algebra are 
hsted below 



Ai 



^0 10^ 

1 




^0 -i 0^ 



\ 



I 




^10 0^ 



, A3 



0-10 




^001^ 



A. = 





1 



) A5 — 






% 



A 



'^O 0^ 
1 

1 



(Al) 



A, 



V 




-i 

% 



/l 



, Ag 



1 

71 







1 
0-2 



Sometimes it is convenient to use instead of the Gell-Mann matrices the anti-Hermitian basis 
ta := 777 Aa , obcying the relations 



2i 



1 1 ^ 

ta tfo = — - 5a6 I + - ^ ( fabc " ^ ^ahc) tc , 



(A2) 



c=l 



where the structure constants dabc are symmetric in their indices and the non-vanishing 

values are given in the Table 1, the coefficients iahc are skew symmetric in all indices. The 
constants iahc determine the commutators between the basis elements 



[ta ) tfe] — ^ ^ faftc tc • 



(A3) 



c=l 



Table I. The symmetric coefficients Aahc 



(abc) 


(118)(228)(338) 


(146),(157)(256)(344)(355) 


(247) (366) (377) 


(448) (558) (668) (778) (888) 


dabc 


1 


1 

2 


1 

~2 


1 

2VS 
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Table II Structure of the su(3) algebra 





tl 


t2 


ta 


t4 


t5 


te 


t7 


tg 


tl 





t3 


-t2 


1 

2*' 




1 

-ts 
2 ^ 


1 





t2 


-ts 





tl 


1 

-te 
2 ^ 


1 

-ty 

2 ^ 


1 

t4 

2 


1 

— ts 

2 ^ 





^3 


t2 


-tl 





1 

-t5 

2 ^ 


t4 

2 


1 

J. 

ty 

2 ^ 


]^ 

-te 

2 ^ 





u 


1 

ty 


I 

— te 

2 ^ 


1 

— ts 

2 ^ 





Its + ^ts 


2'^ 


2'' 


-— ts 

2 ^ 




-te 

2 ^ 


1 
± 

ty 

2 ^ 


]^ 


± V 
— ta 

2 2 





\ 


1 

± 

-t2 

2 ^ 




te 


1 

tg 

2 ^ 


-t4 

2 


1 

-ty 

2 ^ 


]^ 


I 

2*' 





1 


-ft. 


tr 


X 


-t5 

2 ^ 


tg 

2 ^ 


X 


1 


2t3-^t8 







tg 











2 ^ 
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2. The basis of invariant 1-forms on the SU(3) group 

a. The left-invariant 1-forms 

Using the generalised Euler decomposition (j3.13p for the SU(3) group element, it is 
straightforward to calculate the left and right invariant 1-forms. The results are given 
below 

ujI = (^cos[(3] sin [6] cos[c](l - ^ sm^[9]) 

+ cos[^^] sin[/5] ( cos [6] cos[c] cos [a + 7] — sin[c] sin [a + 7]) ) da 



UJ7 



— cos[9] ^ cos [a + 7] sin[c] + cos [6] cos[c] sin [a + 7] J d/3 
+ cos[c] sin [6] (l ~ 2 si'^^[^])'^7 + cos[c] sin [6] da — sin[c]d6 , 
Lul = ( cos[/5] sin [6] sin[c](l - ^ sin^[6']) 

+ cos[^] sm[(3] ( cos [6] cos [a + 7] sin[c] + cos[c] sin [a + 7]) ) da 



+ cos[^^] ^ cos[c] cos [a + 7] — cos [6] sin[c] sin [a + 7] J d/3 
+ sin [6] sin[c](l — - sin^[6'])d7 + sin [6] sin [c] da + cos[c]d6 , 

= ^cos[6] cos[/3](l — - sin^[^^]) — cos [a + 7] cos[6'] sin [6] sin da 

+ cos[^^] sin [6] sin [a + 7]d/3 + cos[6](l — - sin^[^^])d7 + cos [6] da + dc, 

cu'l = sm[9] ( cos[P] cos[9] cos[^] cos [ — ^-^ + -\/30] — cos [ — — ^ + 7 — -\/30] sin[-] sin[/?] j da 

\ I 

+ sin[^] sin[^] sin + 7 - ^30] d/3 

+ - cos[-] cos + ^30] sin[2^]d7 - 2 cos[-] sin + ^30] d^ , 

2 2 2 2 2 



sin[-] sin[/3] sin [ 1- 7 — y/Sff] + cos[-] cos[/5] cos[^] sin [ h \/30] J da 

2 2 2 2 

+ cos [^-^ + 7 - 730] sin[^] sm[9]df3 

+ - cos[-] sin[2^] sin + y30]d7 + 2 cos[-] cos + y30]d^ , 

2 2 2 2 2 
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sin[6'] [ cos[/5] cos[6'] cos [ ^ + \/30] sin[-] + sin[/5] cos [ — ^-^ + 7 — \/30] cos[-] J da 

— cos[^] sm[^] sin + 7 — y/S(f)\dP 

+^ cos ^ + ^30] sin[^] sin[2^]d7 - 2 sin[^] sin + V30]d^ , 

2 2 2 2 2 

cos[/9] cos[^] sin[-] sin [ — h a/S^] — cos[-] sin[/?] sin [ — h 7 — a/S^] Ida; 

Zi Zi Zi Zi J 

b a ~\~ c 

— cos[-] COS [ — h 7 — \/30] sin[6']d/3 

Zi z 

+ i sin[^] sin[2e] sin [^^^ + VScf] + 2 cos [^^-^ + VScf] sin[^]d^ , 
z z z z z 

cos[/5]sin2[^]da - ^sin2[^]d7 + 2d(f). 
z z 



The right-invariant 1 -forms 

sin[Q;]d/3 — cos[q;] sin[/3]d7 — cos[q;] sin[/3](l sin^[6']) da 

2 



+ cos[^] ^ COS [a + 7] sin [a] + cos [a] cos[/9] sin [a + 7] J d6 

+ ^ cos[^] sin [6] ( — cos [a] cos[/3] cos [a + 7] + sin [a] sin [a + 7]) 

- cos [a] cos [6] sin[/3](l - ^ sin^[6'])^dc + V^cosfa] sin[/3]sin^[6']d0 , 

cos[Q;]d/5 + sin[Q;] sin[/3]d7 + sin[Q;] sin[/3](l — -sin^[6'])da 

z 



+ cos[^] ^ cos [a] cos [a + 7] — cos[/3] sin [a] sin [a + 7] J dfe 

+ ^ cos[^] sin [6] ( cos[P] cos [a + 7] sin [a] + cos [a] sin [a + 7]) 

+ cos[6] sin [a] sin[/3](l - ^ sin^[6'])^dc - V^sinfa] sin[/3]sin2[6']d0 

da + cos[/5]d7 + cos[/3](l — sin^[6'])da + cos [6'] sin[/5] sin [a + 7]d6 

z 

+ ^ COS [b] cos ( 1 - ^ sin^ [9] ) - cos [a + 7] cos [9] sin [b] sin ^ dc - cos sin^ [9] d(f) , 
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o;^ = 2 cos[— J sm[ — - — \a6 — - cos[— J cos[ — - — J sm[26'Jda — sin[— J sm[a — J smffc'Jdo 

Zj Zj Li ^ Zj z 

( OL — 'y 3 3 Q; + T'\ 

+ sin[^] I cos[a — ] sin[6] sin[— ] — cos[6] cos[— ] cos[^] cos[ — - — ] 1 dc 

\ ^ Zi Zi Zj J 

-v^cos[^] cos[^^] sm[2^]d0 , 
z z 

— cos[— ] cos[ '^ ^ ]d^ H — cos[— ] sin[ '^ ^ ] sin[26']da + cos[a — — ^] sin[— ] sin[6']d6 
2 2 2 2 2 2 2 

+ sm[^] ( sin[6] sin[^] sin[a — ^-r— ^] + cos[6] cos[^] cos[^] sinf *^ ^ ^ ] J dc 

\^ Z Z Z Z J 

+^cos[^] sm[^^^] sm[2^]d0 , 
z z 

uj%^2 sinA sm[^^]d0 + \ cos[^^] sin[^] sin[2^]da - cos[^] sin[a + sm[^]d6 
z z z z z z z 

(3 OL -\- ^ OL — 

+ sin[^] I cos[— ] cos[a H — ] sin[6] + cos[6] cos[^] cos[ — - — ] sm[— ] | dc 

\ ^ Z Z Z J 

+V3cos[^^] sin[^] sin[2^]d(/) , 
z z 

u\ = -2 cos[^^] sm[-]d^ + - sin[-] sin[^^] sm[2^]da + cos[-] cos[a + sin[e]d6 
2 2 2 2 2 2 2 

I j3 OL -\- j3 OL — "1 \ 

+ sin[^] I cos[— ] sm[6] sin[a H — ] + cos[6] cos[^] sm[— ] sin[ — - — ] 1 dc 

\ ^ Z Z Z J 

+V3sin[^^] sin[^^^] sin[2^]d0 , 
z z 

u\ = -\%\^\d\Aa - — cos[6]sin2[^]dc+ (2 - 3sin2[^])d0. 
2 2 



3. The basis of the invariant vector fields on the SU(3) group 

The expressions for the left-invariant vector fields basis in the Euler angles coordinate 
frame are given below 



a. The left-invariant vector fields 

cos[c] d . , T d , . d 

^1 = ^-nj^ = si^W^ - cot 6 cos c — , 
sin[oJ da do oc 



30 



sin[c] d . . d d 



d_ 
d'c' 



■ . ^o-\ rzji COS {—- + 7 - V30 — + ^-^ sm ^ + 7 - 730 — 
sin[/3j sin[^J '-2 aa sin[6'J '-2 ap 



' sin[- 



+ 



sin[^] 



J a — c 2cos[-J a + c 

2 cot[/3] cos {-^ + 7 - +— cos + 



^7 



^^ + cos[^]tan[^] 
Vcos[-] 



cos 



a + c 



/ 



+ cot[91 sml-] sm [_ + - ^ cos [— + ^ 



\/3 ,6, ra + C /- ,-, r^n (5 



d_ 
da 



sin[pj sm[t'J '-2 '^'^^ 



-j| cot[/5] sm + 7 - - -j^ sm + ^30] 



1 ,6, ra + c I- ,^ d 1 
+-cos[-]cos [^ + V30]--- 



^7 



^°^[|I + cos[^]tan[^] 



Vcos[2. 
h d coi[9] . ra + c 



. ra+c /- ,1 u 

sm [-^ + V30] - 



- COS + VScf] cot[9] sin[-j ^ 

2cos[-] 

\/3 r&n . r<2 + C /t: ,1 r/,i 9 



sm 



[- 



I 



da 



31 



cos[-] 



^ sin[/3] sin[^] 



cos + 7 - 7^ 



sin[^] 



cot[/3] cos [- 



2 sin[| 

+ 7 — \/30] . cos 



2^ rfl-C 



sin[2e] 



[- 



1 . ,6, . rO — c /- ii d 1 



^^ + sm[^]tan[^] 
Vsm[-] / 



cos + £ 



d_ 
^7 



9a 



,6, ra — c ,1 5 cot[6'l rO — c 
- cos[-] cot[e] sm [-^ + v^'/'] ^ + ^ cos [-^ + 

2sin[-] 

-\/3 ra — c ^ -, 6 (9 



If L = - 

^ sin[/5] sin[^] 



cos - 



+ 



cot[/?] sin + 7 - V3<f)] + — 



2sin - 



sm[^] 



-a — c 



sin [2^] 



sm 



730] 



1 ra — c ^ ,-, d 1 

+ + ^'^^ '^^^2 W"2 



^^ + sinAtan[^?] 



d_ 
^7 



sm 



9a 



+ cos[^] cos + V30] cot[^] ^ + sin + ^30] ^ 

2sin[-] 

+^ sin[6] sin + V34>] tan[^] ^ , 



T 1 5 
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